We develop dynamic equations for rubber viscoelasticity based on a stick-slip continuum molecular-based model. The model developed is a continuum tube reptation model in which a chemically cross-linked (CC) system of molecules act as constraint box per unit volume for a physically constrained (PC) system of molecules. The CC-system carries along the PC-system during instantaneous step deformations. The subsequent relaxation of the PC-system is determined by the configuration of the CC-system, its own configuration and confirmation, and external force fields. Conversely, the deformation of the PC-system acts as an internal variable affecting the deformations of the constraining CC-system. We model the relationship between these processes to derive a model of viscoelasticity in rubber deformation. In developing a relaxation process for the PC-system, we start from the fact that the PC-system is composed of long molecular chains. The dynamics of these molecular chains are developed by modeling them as chains of beads connected by springs, which represent intermolecular potentials. Various segments of the molecular chains relax at different rates. In addition, variability in relaxation times across molecular chains is permitted.
Introduction
Various molecular and phenomenological models have been developed to model both small and large deformations in rubber ( [3] , [4] , [5] , [6] , [7] , [13] , [14] ). Many of these efforts involve uniform molecular relaxation times even though there is substantial experimental evidence ( [2] , [10] , [15] , [17] , [20] ) to suggest that the assumption of uniform relaxation time is not valid. The focus here is to develop models accounting for the multiple relaxation times observed in experiments dealing with the relaxation of elastomers.
In our effort to account for multiple relaxation times, we integrate and extend ideas from molecular models of Doi and Edwards [9] and Johnson and Stacer [12] and derive a class of nonlinear distributed parameter systems (partial differential equations) with internal strain dynamics that are related to the pseudo-phenomenological models of [6] , [7] . These latter models have provided good agreement with both quasi-static and dynamic data for rubber in uniaxial tension and in shear.
The dynamic model for rubber viscoelasticity presented here is based on the continuum version [12] of a tube reptation model considered in [9] . In [9] , step-strain relaxation of polymers is modeled with a constraint (stickslip) theory in which PC-molecules deform with CC-molecules during a large step-strain. Then the PC-molecules contract and creep to return to a lower energy and higher entropy state. As a result, the total energy density at a constraint strain dissipates in time and a viscoelastic theory results. These models are based on cross-linking of rubber network theories for rubbers and other polymers [14] , [16] , [18] . Here we refine our previous model [3] by accounting for the presence of multiple relaxation times and including them in the relaxation process consistent with the reptation mechanism for the relaxation of the PC-molecule. This is accomplished by a closer study of the dynamics of the PC-molecules.
The continuum molecular model of rubber viscoelasticity proposed in [12] is based on considering the chemically cross-linked molecules as providing cells or boxes with entrapped PC-molecular segments. The model involves placing a unit cell or box at each point of the rubber continuum and deriving subsequent equations for the associated principal stretches. The model developed here employs this fundamental idea.
2 Variability of relaxation rates across the length of a constrained molecule
We model a typical PC-molecule by a chain of N -beads connected by springs. Let the position of the i-th bead be given by Thus, the most dominant contribution to R i comes from q i . In (1) we have
where e µ is a unit vector in the direction of the µ-th coordinate axis. Let
Define the 3N × 3N matrices
We are interested in the dynamics of the bead-spring chain model. For that we seek the relevant configurational distribution of the chain. We consider a configurational distribution for a chain that is in a fairly general medium possibly subjected to an external force field.
In the case when the mobility matrix is
Iδ nm , where I is the identity matrix and ζ is the friction constant ( [9] ), the configurational distribution ψ of the chain can be shown to obey the equation ( [9] , page 79, see equation (3.162))
where k B is Boltzmann's constant, T temperature, and U is potential that includes intermolecular potential as well as possible contributions due to external driving fields. Finally, the medium viscosity is given by
( [9] , page 78), where κ is velocity gradient tensor. In (3) and (4) we sum over repeated indices (Einstein notation).
In the case when the intermolecular potential is modified by adding a Lennard-Jones type potential and there is an external electric field, E = (E 1 , E 2 , E 3 ), which induces a dipole going from one molecule (bead) to the next, oriented in the same direction, we have
Here q r represents the average of q r , i.e., q r = ψq lr dq,
and
is the Lennard-Jones potential, where the constant˜ is the depth of the well and r * is the separation at which R n is a minimum where R n = |R n − R n+1 |. Because we have the formulation of our A ik weighted so that its largest value occurs when i = k, e.g.,
, the system presented in equation (5) can be thought of as almost diagonal.
Let Φ(t, s) be the fundamental solution of (5). The time dependent offdiagonal elements of the coefficient matrix in (5) are assumed to be small quantities compared to the diagonal elements. In fact, we take these quantities to be zero in subsequent discussions. Since the off-diagonal elements are assumed to be much smaller quantities than the diagonal elements, we have
The parameters τ kµ , k = 1, . . . , N, µ = 1, 2, 3 are the relaxation parameters of interest. In the case where we ignore the hydrodynamic effect (the velocity field in the surrounding medium caused by the motion of one particle which could effect the motion of the other particles) and time dependent external fields in the dynamics of the molecular chain, we will have
which amounts to setting Φ kµ ≡ 1.
3 Extending the continuum model of Johnson and Stacer
We recall that the PC-molecule is modeled by N beads connected by springs, and the position of the i-th bead is given by
or
We also recall from Section 2 that
We note that
We would like our generalization of the continuum model of Johnson and Stacer to reflect the presence of multiple relaxation parameters τ kµ (see (8)).
On the basis of (7) and (8) we expect the extension at a given point of the PC-molecule to be a superposition of extensions across the length of the PC-molecule. Let the CC-constraint-tube have lengthL(t) and the trapped PC-molecule have length (t). We may consider (t) as composed of N segments (α k )(t),
, where (α k )(t) relaxes in the direction of e µ with relaxation parameter τ kµ . We relate the stretches in the constraining CC-molecule and the PC-molecule by the linear relationship (for a discussion of nonlinear analogues, see [4] )
In what follows we will, without loss of generality, drop the "µ" in τ kµ and Φ kµ , and consider τ k ∈ R.
In the time interval t 0 ≤ t ≤ t 1 , we use (8) for segments of the CC-tube to obtain
Here we follow [12] and consider a sequence of instantaneous step tensile deformations at times {t i } in the constraint tube. We
In the time interval t 1 ≤ t ≤ t 2 , we obtain
In the continuum limit (again see [12] ), we arrive at an expression for the length of the k th segment of the PC-molecule
Summing from k = 1, . . . , N and writing the resulting formula in differential form, we obtain for tensile deformations
Strain Energy Density
We recall here the discussion on strain energy density and stick-slip model found in [3] for tensile deformations in the context of segmented PC-molecules.
To use the stick-slip model in continuum simulation of the reptation model of rubber elasticity, one considers a network of cells or boxes in the rubber continuum with sides λ 1c , λ 2c , and λ 3c . The CC-box will have positive strain energy density W cc (λ 1c , λ 2c , λ 3c ) for all stretches except when λ 1c = λ 2c = λ 3c = 1. Moreover, a box for the PC-system with sides parallel to those of the CC-box is defined by sides λ 1p , λ 2p , and λ 3p along with an energy density W pc (λ 1p , λ 2p , λ 3p ).
Stresses are calculated from the strain energy density [19] by determining how the energy density function changes with respect to changes in the stretches or displacements. In the model considered, the strain energy density of the rubber continuum is assumed to have the form
To find the stresses at a generic point of the rubber continuum, one must determine how W changes with respect to stretches of the CC-system. The stretches of the PC-boxes are then treated as internal variables depending on the stretches of the CC-system.
The Cauchy stress in the principal direction e j is given by
where P is the hydrostatic stress. If we consider (12) with the λ ip as internal variables depending on the λ ic , then (13) becomes
In obtaining (11), we have related the instantaneous tensile deformations
Using this observation in the analogy of ∆(α k ) ν , ∆(α k L) ν with principal stretches λ ip , λ ic , respectively, we may write
In the case of tensile deformations, choosing j = 1 for the direction of loading and using (12) and (16) in (14), we have
With the hydrostatic stress determined by (17) , the tensile Cauchy stress is thus given by
5 A dynamic continuum model
To develop a dynamic continuum model for the analysis of rubber/elastomer undergoing large deformations, we use specific forms of the strain energy functions W cc , W pc introduced in Section 4. We will use parameterized expressions (for motivation, see [7] ) for W cc and W pc in terms of invariants of the deformations. In particular, we assume
where we use the invariants
We also impose incompressibility conditions
In what follows, we use the relationships (for the tensile deformation case)
which satisfy these incompressibility conditions. From (18) , the engineering stress Σ = Σ 1 /λ 1c is given by
Thus, to approximate the engineering stress, we set
Then using (27), we make the approximation
where we have divided the stress into elastic σ e and viscoelastic σ ve components (see [7] for detailed discussions).
From (11), we havė
and we note that
From (29), under the assumption that 1 (t 0 ) = 0, we have
In terms of the deformations ∂ x u p , ∂ x u c (30) is written as
We next consider the longitudinal vibration of a rubber rod with (undeformed) cross-sectional area A c and mass density ρ. Using (28) we write the equation of motion (recall that S = A c Σ is the engineering stress resultantsee (2.1) of [7] )
where F is the applied load (in force/unit length) and this equation must be solved with (31). In summary, the full nonlinear approximate model we derive for the CC-PC molecular system in tensile deformations for a rod has the form
We remark that the system (33)-(35) can be viewed as a member of a class of systems similar to those treated in [1] and the methods presented there can be used to guarantee well-posedness (existence and uniqueness) of the corresponding variational forms of this system. Indeed, the models treated in [1] can be properly viewed as generalizations of (33)-(35) that permit (see [4] ) nonlinear instantaneous elastic responses as well as other refinements.
To this point in our development for models with intra-molecular variability, we have treated a rubber sample as consisting of identical CC-molecules and identical PC-molecules and have ignored the possibility of any intermolecular variation. The CC-molecules, which are forced, are not part of the relaxation phenomena and have a contribution to the elastic part σ e of the stress that depends only on the infinitesimal strain . However, the PCmolecules contribute in a significant way to the relaxation and they may have variable (across the population of molecules) relaxation characteristics. If, for example, one has M distinct classes of PC-molecules with strains j for the j th class contributing to the viscoelastic stress component, then the stress Σ( , 1 ) in (33) should be replaced by
where σ j ( , j ) is the j dependent contribution to the overall stress in the CC-tube and ξ j is the frequency or proportion of the j th class in the PCmolecule population.
There are several ways in which the PC-molecules might inherently differ, even if they have similar molecular composition; they might differ in the number of nodes N and in the relaxation parameters themselves. We introduce additional notation which can be used to more easily formulate this variation.
We allow the values of N , the number of nodes in the molecule, and the parameters α, τ and Φ to vary from one molecule to another. We further assume that there are j = 1, . . . , M such types or classes of molecules, each with its own set of N With this in mind, we can extend the nonlinear model for the CC-PC molecular system by
We can simplify the above system of equations by making a few substitutions. First we define 1
and next we define
Thus, we have the following model, based on these discrete variabilities
for j = 1, . . . , M, where ξ j ≥ 0 and
The above generalization permits only a finite number of different possibilities of relaxation parameters (corresponding to the M types of molecules we are considering). We may further generalize our system to a continuum of types of molecules with arbitrary but finite length by using a probability distribution formulation. To do this, we must first determine the space over which such a distribution would be defined.
We first observe that we would like to be able to vary the number of nodes in a molecule, N 
We note that the time dependence of the functions Φ k depends on the velocity gradient, κ, and the electric/external field, E (see (5)). Thus the functions Φ k should all be as smooth as κ and E. We may assume that the velocity gradient and the electric/external field, if present, are at least continuous. Thus we may assume that F is a subset of the C n functions on [0, ∞)×[0, ∞) for some n ≥ 1.
We define T, which is the space of all possible sets of relaxation parameters, to be
with subspaces defined to be
Finally, we define the combined space, N × T, by
Using this space we are able to represent the parameters for any molecule of admissible length without having to introduce separate spaces for each possible number of nodes. This can be done by defining a distribution on N × T, which we will refer to as P(N, T ), for N ∈ N and T ∈ T, that must have the following condition:
Using this probability, we have the following new equation for the stress
where (N, T ) ∈ N × T and˜ satisfieṡ
This randomly distributed model incorporates both intra-molecular variability of relaxation parameters and inter-molecular variability of relaxation parameters and composition of the molecules. It is thus a continuum extension of the model given in (36)-(38) where there are only discrete possibilities.
Qualitative analysis of the model
In this section, we provide a brief analysis of the model derived in the previous section. In particular, we consider equations (32) subject to (31). Similar analysis can be performed on the model given in equations (36)-(38) and those ideas are summarized at the end of the following analysis.
We set (see (31) and (32))
In the case when we ignore hydrodynamic effect and external time dependent fields in the dynamics of the molecular chain (PC-chain), we set Φ k (t, t 0 ) = 1 and hence R = 1 in (43).
In what follows, we set t 0 = 0. Thus, from (32) and (31) we have
We define
Then, setting
we have
Rewriting (48), we find
where
Next, we consider the standard Sturm-Liouville problem
For this problem, it is known [8] that there is a sequence of eigenvalues 0 < λ 1 < λ 2 < . . . < λ n < . . . ∞ and a corresponding complete family of orthonormal eigenfunctions ϕ 1 , ϕ 2 , . . . , ϕ n , . . .
We will explore (49) with an appropriate Sturm-Liouville problem such as (50). Thus, let us consider a solution of (49) in the form
Also, expanding the function
we formally obtain
Let
We have
The Routh-Hurwitz Theorem [11] guarantees that the roots of the polynomial equation 
Thus, the roots of |ζI − A n | = 0 have negative real parts if
which is the case. It can further be shown that Re(ζ) < −M, M > 0.
To study the stability property of the model presented in (36)-(38), we follow the recipe in Section 6, which leads to (57). Corresponding to (57), we are led to examine the location of the roots of the system of characteristic polynomials given by the recursive definition
We can directly verify that the roots of the polynomials ∆ 1 and ∆ 2 all have negative real parts. Using the recursion formula we can verify that there exist a positive number M and nonnegative numbersξ 1 ,ξ 2 ,ξ 3 , . . . , such that, for any ξ i , i = 1, 2, 3, . . . , where 0 ≤ ξ 1 ≤ξ 1 , 0 ≤ ξ 2 ≤ξ 2 , 0 ≤ ξ 3 ≤ξ 3 , . . . , ξ i = 1, the roots of the polynomials ∆ 1 (ζ), ∆ 2 (ζ), ∆ 3 (ζ), i = 1, 2, 3, . . . , are all less than −M.
Conclusion
We have presented a dynamic model of rubber viscoelasticity based on reptation models. Deformed molecular chains or segments entrapped between cross-linked molecules or molecular chains tend to return to their original undeformed positions. This is due to the fact that their original positions are positions of lower energy and higher entropy. However, due to the physical and electrostatic barriers created as a result of new configurations and conformations, the entrapped and strained molecules only creep to their original confirmation. The models presented here adhere to these observations and also account for multiple relaxation times that have been experimentally observed. The approach proposed here indicates how to treat relaxation parameters as statistical quantities. These models can be related in a direct manner to previously derived (pseudo-phenomenological) models based on data from quasi-static and dynamic experiments with rubber rods in uniaxial tension and in shear as detailed in [4] , [5] , [7] . While the models developed here are based on linear material relationships between CC-system and PC-system stretches, extension to the nonlinear models in [4] , [5] should be possible. Finally, the models lend themselves directly to computational methods for deformations of viscoelastic materials. Computations based on these ideas are currently and successfully underway and will be reported on in future publications.
